manifolds of any dimension when restricted to connections that are invariant under a group action on the manifold with orbits of codimension ≤ 3. Such a result, essentially Theorem 3 below, was established by T. Parker [14] . In this paper we generalize his result.
Let X be a smooth compact Riemannian manifold of any dimension, let G be a compact Lie group, and let P be a smooth principal G-bundle over X. Let A denote the space of smooth connections on P and G the group of smooth bundle automorphisms of P . We denote the gauge equivalence class of A ∈ A by [A] ∈ A/G. We fix a G-invariant positive definite inner product on the Lie algebra g. Then the Yang-Mills functional is given by
where Example 1. Let X = S 1 , G = U(1), and H = SO (2) . There is a unique principal U(1)-bundle over S 1 . Let SO(2) act in the natural way on S 1 . This action has a unique lift, up to gauge equivalence. Thus we omit the index i. The space A SO(2) /G SO(2) is a copy of R, its image in A/G is a copy of S 1 , and π is the universal covering map. The Yang-Mills functional of course vanishes.
Example 2. Let X = S 3 , G = SU (2) , and H = Spin (4) . There is a unique principal SU(2)-bundle over S 3 . Let Spin(4) act in the natural way on S 3 . This action has exactly two lifts, up to gauge equivalence, the trivial lift σ 0 and a nontrivial lift σ 1 . Then A is the trivial connection. The image of the point t = 0 is gauge equivalent to the Levi-Civita connection on S 3 .
Next we discuss the Palais-Smale Condition C for the Yang-Mills functional for invariant connections. The above examples show that the maps π i are not in general injective. Hence there are two forms of Condition C for invariant Yang-Mills. In the following · L −1,2 A is the norm on L −1,2 dual to the norm b
3 is discussed briefly in §2 and at length in Appendix A. Note that on manifolds of dimension ≤ 3, L 1,2 3 = L 1,2 .
Definition. A sequence A k ∈ A is said to be a Palais-Smale sequence if there exists M > 0 such that
The following is a straightforward consequence of Theorem 1. Finally we give an application of Theorem 3. This example shows that nontrivial phenomena occur already in dimensions less than four. Let YMH be the twisted YangMills-Higgs functional
on S 2 with the standard metric. Here A is a connection on the trivial SU(2)-bundle over S 2 and Φ is a section of the adjoint bundle. The functional YMH over S 2 is the dimensional reduction of the SU(2) Yang-Mills functional over S 3 under the Hopf action of SO(2) on S 3 . The following result is proven in §5. 
c) The set of critical values of YMH is unbounded.
As was first pointed out by Gritsch [9] , there is a technical error in [14] on page 346, lines 11-13. Here the Uhlenbeck compactness theorem is used to construct a subsequence A k and a sequence of gauge transformations 
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We first review the basic setup for invariant gauge theory as in [3] , [6] , [7] , and [14] . The extended gauge group G is defined as the group of ordered pairs (ϕ, h) such that h ∈ H and ϕ : P → P is a bundle map that covers the isometry ρ(h) : X → X. There is a short exact sequence
By a splitting of this short exact sequence we mean a smooth left inverse H → G of the homomorphism G → H. Thus a splitting of (2.1) is the same as a lift σ of ρ.
There are compatible group actions
The first two actions are defined the obvious way. The third action was introduced by Furuta [7] and is defined as follows: Given h ∈ H and [A] ∈ A/G, let ϕ be any bundle map that covers the action of h on X. We then define h. 
For any A ∈ A these actions have isotropy subgroups
These are compact Lie groups, and they form a short exact sequence
We will work in Morrey spaces L k,p d . These are function spaces well adapted for handling invariant problems. They are discussed in some detail in Appendix A; here we briefly state their main properties.
• Functions in L k,p (X) that are invariant under a Lie group action on X,
for X of any dimension satisfy "the same" multiplications, embeddings, and compact embeddings as the space L k,p (X) for
(Lemma A.5, Remark A.6) Using these properties it follows, in the usual way, that for any A 0 ∈ A there exists ε > 0 such that
is a local slice through A 0 for the action of G on A. More precisely, this means that the natural map
Next we prove that the image of π i is closed. This was established by Furuta [7] , see also [3] , in the case when G has trivial center and all connections in A H i are irreducible. Here we extend his result to arbitrary compact G and reducible connections. 
It is straightforward to verify that the action G × A → A restricts to an action
It then follows from (2.3) that the natural map
is a diffeomorphism onto its image. To prove the lemma, it suffices to show that
. We have to show that A ∞ is gauge equivalent to a connection in A H i .
Let ε be as in Lemma 2.1. By the slice theorem, we may assume that
Arguing exactly as in the proof of Condition C for Yang-Mills in three dimensions, [17] , [18] Proposition 4.5, [20] , [23] , but using the Morrey space theory in Appendix A instead of standard Sobolev space theory, we see that there exists a subsequence, which we also denote A k , and a sequence g 
to a Yang-Mills connection A ′ ∞ . Arguing as in the proof of Proposition 2.2 we may assume that
is finite. After passing to a subsequence we may therefore assume that all [g
This means that for any integer k 0 there exists a sequence
The group Γ A ′ ∞ is compact. Hence, after passing to a subsequence,
Necessity. If a Yang-Mills connection in A/G has infinitely many preimages in
, then these preimages form a Palais-Smale sequence and should provide a counterexample to strong Condition C. To prove this, we have to verify that for any
≤ ε, and
Consider such an A. If ε is small enough, then it follows from the slice theorem that A = exp ψ.A 0 for a unique ψ in Ω 0 (Ad P ) that is L 2 -perpendicular to the null space of d A 0 and has small L It follows from (3.1) that for any A ∈ A there is a 1-1 correspondence
This can be reformulated in Lie theoretic terms. Recall that a lift σ of ρ is the same as a splitting of the short exact sequence (2.1). If there exists any lift σ of ρ such that
and a lift σ of ρ such that A is invariant under σ is the same as a splitting of this short exact sequence. Combining this with (3.2) we get the following: 
Example. For the trivial connection
Now Spin(4) is isomorphic to SU(2) × SU(2). Thus this short exact sequence has three conjugacy classes of splittings, given by τ (x, y) = (1, x, y), ω + (x, y) = (x, x, y) and ω − (x, y) = (y, x, y). 
Next we analyze the Lie algebras of the groups involved.
The short exact sequence (3.3) of Lie groups induces a short exact sequence
of Lie algebras. Recall that if G is a compact Lie group, then its Lie algebra g has a unique decomposition as a direct sum z(g) ⊕ g ss of an abelian Lie algebra and a semisimple Lie algebra; the abelian part is the center of g. An ideal or quotient of an abelian or semisimple Lie algebra is abelian or semisimple respectively. Hence we have short exact sequences
of Lie algebras. It follows that Z(H) and µ(Z( Γ A )) have the same Lie algebra z(h) = µ * z( γ A ). Hence their quotient Z(H)/µ(Z( Γ A )) is a discrete group. But it is also compact, so it is finite. The theorem follows. §4. Proof of Corollary 2
Let ρ be the Spin(3) action on S 2 × S 2 given by the standard action on each factor. parametrizes the space of orbits of the action ρ. For θ ∈ (0, π), the orbit is a copy of SO(3) = Spin(3)/Z 2 . For θ = 0 and π, the orbit is a copy of S 2 = Spin(3)/Spin(2).
The orbit θ = 0 consists of all pairs (x, x) and the orbit θ = π of all pairs (x, −x) with x ∈ S 2 . We denote these two orbits by S and S 2 − has isotropy subgroup Spin(2). Thus Spin(2) acts on the fibers over these two orbits. These actions give two homomorphisms from Spin(2) to SU(2), well-defined up to conjugacy. Such conjugacy classes of homomorphisms are classified by nonnegative integral weights. This gives the weights w + and w − . For more details, see [21] §3. w + ,w − is as follows:
Proof. The Hessian of the Yang-Mills functional is H
A a = d * A d A a + * [ * F A , a].
The spectral decomposition of the operator (H
A + d A d * A )a = ∆ A a + * [ * F A , a] has been carried out in [22] Appendix A. There T A A d = Ω 1 (S 2 × S 2 , Ad P d )
is decomposed as an orthogonal direct sum of six subspaces that are invariant under H
On these subspaces the operator is written in terms of the scalar Laplacian on S 2 and ∂-Laplacians on holomorphic line bundles over S 2 . It is shown in [22] Appendix A, although never stated explicitly, that the spectral decomposition of
eigenvalue multiplicity
Multiplicities for repeated eigenvalues should be added. It is straightforward to keep track of our Spin(3)-actions throughout [22] Appendix A. The action of Spin(3) on A d induces actions on the eigenspaces as follows:
Here V k denotes the spin-k representation of Spin(3). The Spin(3)-invariant subspaces of the above eigenspaces give the spectral decomposition of
The spectrum is unchanged if we replace (p, q) by (q, p). Therefore we may assume that |p| ≥ |q|. Arguing as above, one sees that the spectral decomposition of ∆ A on Ω 0 (Ad P d ) Spin(3) is as follows:
[A p,q , τ p,q ] with |p| ≥ |q| and |p| ≥ 1 2k
After removing the zero eigenspace we have the spectral decomposition of
A). Removing this from the spectral decomposition of H
w + ,w − we finally get the spectral decomposition of
The only nonpositive eigenvalues are −1 in the case |p| = |q| + 1 and 0 in the case |p| = 2, q = 0. Both have multiplicity 2. The lemma follows. The Hopf fibration gives a free action ρ : SO(2) × S 3 → S 3 . Here we take S 3 to be the 3-sphere of radius 2. Then the quotient space is the 2-sphere of radius 1. There is a unique principal SU(2)-bundle P over S 3 . The action ρ lifts in a unique way, up to gauge equivalence, to an action σ : SO(2) × P → P . Thus we omit the index i and write A SO(2) and G SO (2) . It is a straightforward calculation to verify that, apart from a constant, YMH is the dimensional reduction of YM under this action. In particular, the space of pairs (A, Φ) over S 2 can be identified with A SO(2) and the group of gauge transformations over S 2 can be identified with G SO (2) . Thus Condition C for YMH over S 2 is equivalent to strong Condition C for YM on A SO (2) . We will state the rest of the proof in terms of YM on A SO(2) /G SO(2) .
We need a slight extension of the general theory. The following theorem is proven exactly the same way as Theorem 2. 
The trivial connection is the only reducible SU(2) Yang-Mills connection over S 3 .
Part b) thus follows from Theorem 3 ′ .
Finally we sketch the proof of Part c). Let G 0 be the subgroup of G consisting of gauge transformations that act trivially on the fiber over a fixed point in S 3 . Let
be the subgroup of G SO(2) consisting of gauge transformations that act trivially on the fibers over a fixed SO(2)-orbit in S 3 . Then A/G 0 and
are Hilbert manifolds. Using the above form of strong Condition C one can then establish a Morse theory for a small perturbation of
for any ε > 0.
On the other hand, Condition C holds for YM on A/G 0 . The trivial connection is a nondegenerate critical point of YM on A/G 0 . Hence there exists ε > 0 such that the trivial connection is the only critical point of
Thus the preimages of the trivial connection are the only critical points of
. These are also nondegenerate; it is not hard to determine the spectral decompositions of the Hessians. It follows from Part a) that the trivial connection in A/G 0 has countably infinitely many preimages in
. This also follows from Proposition 3.1; for the trivial connection the sequence (3.3) is
is the disjoint union of countably infinitely many 0-cells. 
This gives a decomposition of
It is a Banach space with norm
where we take infimum over all collections (
Let Ω be an open subset of R n . Then the Morrey space L k,p d (Ω), with k an integer, p ∈ [1, ∞) and d ∈ R, is defined as the space of all f ∈ L k,p (Ω) such that there exists
For negative k the restriction is to be understood in the sense of distributions. It is a Banach space with norm
where we take infimum over all
Let X be an n-dimensional smooth compact Riemannian manifold. Then the Morrey space L p d (X), with k a positive integer and d ∈ R, is defined as the space of all f ∈ L p (X) such that the norm
is finite; here ρ 0 is the injectivity radius of X. This norm is invariant under isometries of X. Let E be a Euclidean vector bundle over X. Let A be a smooth connection on E. Then the Morrey space L k,p d (X, E), with k a nonnegative integer, p ∈ [1, ∞) and d ∈ R, is defined as the space of all s ∈ L k,p (X, E) such that the norm
is finite; here we take infimum over all (t 0 , .
(∇ * A ) j t j . Different smooth connections A give equivalent norms.
We can get equivalent norms for L k,p d (X, E) as follows. Choose an atlas of good local coordinate charts Φ ν : Ω ν → R n and good lifts Ψ ν :
Here good means that the maps can be extended smoothly to neighborhoods of Ω ν . Then
Using this norm analysis in Morrey spaces on manifolds can be reduced to analysis in Morrey spaces on R n .
Lemma A.1. Let H be a compact Lie group that acts smoothly on X, in such a way that all H-orbits have codimension ≤ d, and that acts smoothly on E covering the action on
.
The constant c does not depend on A and s.
We may assume that the connection A in the norms (A.5) and (A. 
. The idea is that any ball of radius r in Ω 2 has the order of magnitude r d−n disjoint translates in Ω 1 in the (x d+1 , . . . , x n ) directions and f has the same L p -norm on all these balls; we leave the detailed verification to the reader.
Next consider the case of a compact manifold X and k = 0. In a neighborhood of each point on X there exist local coordinates such that points with the same (x 1 , . . . , x d ) lie in the same H-orbit. The lemma then follows by applying the above estimate to these coordinate charts. For k > 0 the lemma follows by applying the case k = 0 to the functions |∇ j A s|. For k < 0 the lemma follows by applying the case k = 0 to the functions |t j |, once we observe that by averaging we may take the sections t j in (A.6) to be H-invariant.
Lemma A.2. Multiplication gives bounded linear maps
Using the norms (A.7) we see that it suffices to show that multiplication gives bounded linear maps
. That follows immediately from the Hölder inequality applied to R n and to the balls B ρ (x) in (A.1).
Lemma A.3. Let d ∈ (0, n). Then there are continuous embeddings
Again it suffices to establish the analogous embedding on R n . The first embedding is due to D.R. 
We have not found a reference for this particular result, so we include a sketch of the proof. It is of course similar to the proofs of other compact embedding theorems. We say that f ∈ L
This is a Banach space with norm
Using the identity f (x) = c −1 n n j=1 R n (x j − y j ) |x − y| −n ∂ j f (y) dy we get
= c −1 n n j=1 R n |h| −α (x j − y j + h j ) |x − y + h| −n − (x j − y j ) |x − y| −n ∂ j f (y) dy.
Now |h| −α (z j + h j ) |z + h| −n − z j |z| −n ≤ c |z + h| 1−n−α + |z| 1−n−α , so 
We define L respectively. It can be shown that Continuous cohomology of Lie groups was introduced in [5] . For modern treatments, see [11] and the references listed there. Continuous cohomology is essentially group cohomology with continuous cochains. It is the natural cohomology theory for Lie groups.
